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Abstract 

We study the A^'^j^ spin chain at the critical regime \q\ — 1. We give the free boson reaUzations 
of the type-I vertex operators and their duals. Using these free boson realizations, we give the 
integral representations for the correlation functions. 

1 Introduction 

The one dimensional spin A''j^}_-^ chain is described by the Haniiltonian : 



n— 1 n—l n—l 

^ = E ^ E + E - E ^'''^ 

k = -00 ".'• = a,b=0 a, 6=0 

o>6 a<6 a^b 



(1.1) 



where ejjj'' is a matrix unit acting on k th site. In this paper we consider the critical regime \q\ — 1. For 
the special case n = 2 this model becomes the celebrated XXZ spin. M.Jimbo,H.Konno and T.Miwa 
101 established the trace construction of the correlation functions for the XXZ chain at critical regime 
l^l = 1. In this paper we give the correlation functions for the higher rank generalization of the XXZ 
chain at the critical regime \q\ = 1. In order to write down the correlation functions, we need the 
'dual' vertex operators. This problem was absent from the XXZ chain, because the vertex operators are 
self-dual in this case. We give the pair of the vertex operators and their duals in this paper. 

We give the N point correlation functions which describe the ground-state average (O) of the local 
operator : 

= e«, •••e(^\ . (1.2) 
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The correlation functions of the critical A^^^^ chain are described by the following systems of difference 
equations : 

G(^)(/3i,--- ,Pn\Pn+i,--- ,f32N) 

X Wj - Pn) ■ ■ ■ RJj+i{Pj - Pj+i)G''^\Pi,- ■ ■ ,l3j, - ■ ■ jPnIPn+i,- ■ ■ ^P2n), (1-3) 

and 

GW(/3i,-- - ,Pn\I3n+i,--- ,l3j+iXr--l32N) 
= i?]7i,j(/?j+i - 03 + Aj) • • • R^ljiP2N - + A*)<7(/?i - • • • RV/Wn - Pj) 

X R]ZiA0N+1-Pj)---RJ\j{Pj-1-Pj)G^''HPi,--- .PnIPn+I,--- ,Pj,---P2n). (1-4) 

Here G End(y®^^) signifies the matrix acting as i?^^(/3) on th th tensor components 



and as identity elsewhere. Here i?^*^* (/?) and R^'^{P) are given by Q, (|^) and (Q. 

The correlation functions satisfy the restriction equation : 

GW(/3 + t(n - A), /32, • • • , Pn\Pn+1, • • • , P2N)e,-e„,e',-.', 
= 5^i,e'^G'^^~^\l32r ■ ■ ,Pn\Pn+1,- ■ ■ iP2N-l)t2---tN,iL'f^---t'.i- (1-5) 



Here we have set 



G(^n/3l---/?iv|/3Ar+l---/?2w) 

n-1 

^ i;,, (g)---(8)i;,,„G(^)(/3l---/3Ar|/3Ar+i---/32Ar)ei...e2»- (1-6) 



In this paper we set the deformation parameter as 

g=-exp^^^, (1.7) 

where ^ > 1. 

The ground state averages are obtaind from the components G^^\ by taking A = 27r, and specializing 
the spectral parameters : 

GW(/3 + 7rz,... ,/3 + 7rz|A... (1.8) 



When we solve the diffence equations ( O ) , ( L4 ) , directly (2) , we have a difficulty. The difficulty in 



this approach is that the solutions are determined only up to arbitrary periodic functions, so one has 
to single out in some way the correct solutions which correspond to the correlation functions. When we 
construct the solutions by the trace of the vertex operators, the ambiguity of solutions are resolved. In 
this paper we give the free boson realizations of the type-I vertex operators and their duals, and give the 
trace construction for the correlation functions of the critical A^^lj^ spin. In this connection, we should 
mention about the work Q, in which the authors give the free boson realizations of the dual type-II 
vertex operators of the A^^}_-^ Toda field theory with imaginary coupling. 
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Now a few words about the organization of the paper. In seetion 2 we review the model briefly. 
In section 3 we give the defining relations of the vertex operators. In section 4 we give the free boson 
realizations of the vertex operators. In section 5 we give the proofs of the properties of the vertex 
operators. In section 6 we give the integral representations of the correlation functions. In Appendix A 
we summarized the multi Gamma functions. In Appendix B we summarized the normal ordering of the 
basic operators. 



2 The critical A^^l^ chain 

Let us set the i?-matrix by 

ii;^^(/3)=r(/?)i?(/3), r(/3): 



S,{iP\f^,2n)S2{-ip+f\f^,2n) 
52H/3|^^,27r)52(i/3+^|f^,27r) 



where 52(/3|wi,a;2) is the Multi-Sine function given in Appendix A. 
The matrix R{(3) is given as follows : 

n-l 

jl,j2=0 



where the nonzero entrise are 



mil 



1, 



jk 



, I n 27ri, 



(i 7^ k), 



U < k), 



U > k), 



The ii-matrix satisfies the Yang-Baxter equations, 
and the unitarity, 

RY2''{Pl - /32Xl''(/?2 - /Jl) = td. 



(2.1) 



(2.2) 

(2.3) 
(2.4) 



(2.5) 



(2.6) 



(2.7) 
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Let us set the monodromy matrix T(/3) acting on the (A^+1)— fold tensor product VqiE'Vi®- • •(8'V/v, {Vk 
V = C"), 



^2,1 A22 



Tip) = Rirw)---K,Nm = 



^l,n-l ^l,n ^ 



-^n — 1 , n — 1 -^n — 1 , n 
-^n,n — 1 -^n,n / 



(2.8) 



where the partition into n x n blocks is according to the base of Vq. 

Let us set the transfer matrix T{f3) acting on the iV-th fold tensor product Vi (g) • • • (g) Vjv by 



T(/3) = ^^„-=tr^„(r (/?)). 
From the Yang-Baxter equation, we know the transfer matrices commute each other. 

[r(/3i),r(/32)] = 0. 



(2.9) 



(2.10) 



In the thermodynamic limit TV — s- oo, the logarithmic derivative of the transfer matrix and the Hamil- 

logr) (0) ^ n. (2.11) 



tonian (LI) have the following relation. 



dp 

A.Doikou and R.I.Nepomechie Q computed by Bethe Ansatz the scattering matrix for the critical 
spin chain. The scattering matrix S{P) is given by 

52(-*/3|^(e-l),27r)52(*/3+^^|f (e-l),2^) 



^2(*/?|^(C - 1), 2^)52(-*/3 + '-^m^ - 1), 2^) 



The matrix S{P) is given as follows : 
where the nonzero entrise are 



jlj2=0 



mfk 



L 



sh 



2(^-1) 



P 



, n , 2TTi , 
^^'2(e^(^-- 



m% 



sh 



^ iP-^) 



U ^ k), 



, (j < k), 



(2.12) 

(2.13) 

(2.14) 
(2.15) 



— '^sh 



(e-1) 



(2.16) 



" (;3-— ) 

2(^-1)^'^ n ' 



sh 



, (j > k), 
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where ao = 

The bosonization of the dual type-I vertex operator is given by 

= r r dan^i et(".>^-/^)j7,^i(«,+i) ■ ■ ■ Un-l{an-l)Unif3) 



(0<j <n-l), 



where a„ = /3. 

T.Miwa and Y.Takeyama ^ gave the bosonization of some vertex operator, to construct the solutions 
of the critical quantum Knizhnik-Zaniolodchikov equations at Level 0. The calculation of S'-matrix of 
the critical A^^^ chain Q teaches us that their vertex operators are the dual type-II vertex operators 
of the present model. 

5 Proof 

In this section we prove that the bosonizations of the vertex operators satisfy the commutation relations 
(3.1), (3.2), (3.4), (3.10) and the inversion relation ( |3.12D . For convenience we list below formulae for 



the contractions of the basic operators. 



Uj{f3i)Uk{p2)^Uk{f32)Uj{l3,), (|.?-fc|>2). (5.1) 



f/,(/3i)f/,(/32) = Uj{P2)U,{Pi)r{pi - /32), (j = 0,n), (5.2) 
52(-za|f^,2^)52(za + ^|fe,2^)' ^"''^ 



C/o(/3i)C/„-i(/32) = r*{pi - f^2)Un-iiP2)Uo{Pi), (5.4) 
S2{^a + ttI^^, 2n)S2Ha + ^ + 2zl|2e^, 2^) ' ^"'"^ 



C/,(/3i)C/,(/32) = H{P^-l32)U02)U0i), (l<j<n-l), (5.6) 
sh(i|(/3+2f) 



= (5-7) 



C/,(/3i)t/,_i(/32) = /(/3i-/32)t/,-i(/32)(7,(/3i), (1 < j < n), (5.8) 
sh(#(/3-f)) 
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We are to prove the various properties of the vertex operators along the hne of the papers |^ . We 



are to prove the commutation relation of the type-I vertex operators (3.1). Consider the integral of the 
form : 



oo poo 



daida2Uj{ai)Uj{a2)F{ai, a-i). 
Due to the commutation relation of [/, («), the above integral equals to 

da\dot2U j{oi\)U j{a-2)F (oi2^ ai)H{a2 — ai) 



OC />OC 



(5.10) 



(5.11) 



oo ./ — oo 



Observing this we define 'weak equality' in the following sense. We say that the fuctions Gi(ai, 02) and 
G2{oii, a2) are equal in weak sense if 



We write 



Gi(ai, q;2) + H{a2 - ai)Gi(a2, ai) = G2(q!i, 02) + H{a2 - ai)G2{a2,ai). 



Gi(ai, q;2) G2(q!i, 02) 



(5.12) 



(5.13) 



To prove the commutation relations (3.1) and ( |3.2[ ) it is enough to prove the equalities of the integrand 
parts in weakly sense. 
Firsi we will show 



3'M(ao)*p(ao) = r(ao - ao)$^(ao)$p(ao) (0 < < " - !)• 



In what follows we use the notations 
shpa 



b{a) 



- c{a) 



shp 



2TTi 



2^' c?(a) = 



2^ 



(5.14) 



(5.15) 



shp(«+2^)' ^ ' shp(a+^)' shp(-a-2i)' 

For ^ — Q case it is just the commutation relation of U{){a). For p > 1 case we will show that by 
induction. By using the commutation relations of the basic operators, we can rearrange the operator 
part as 



t/o(ao)f/o(«o)C/i(«i);7i(a'i) • • • U ^{a ,,{0^') . 



The integrand function of (LHS) of ( 5.14 ) is given by 

M M M 

fc=l k=l k=l 

The integrand of (RHS) is given by the exchange of variables ao ^ Q^o of (LHS). 

i?A'("oao ■ ■ ■ a^^a'^) = L^ia'^ao ■ ■ ■ a^a^). 
For /X — 1 case the weakely identity for variables ai, a'l can be shown by exact calculation. 

Li^aoa'Qaia'i) ^ Ri{aoaQQ:iai) . 



(5.16) 



(5.17) 



(5.18) 



(5.19) 
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Because the integrand function splits into two parts : 

L^i{aoaQaia[ ■ ■ -a^aj,) = Li{aoaQaia[)Lfj_^i{aia[a2a'2 ■ ■ -a^a^j), (5.20) 

the case fi > 2 follows from induction. 
Next we will show 

= riao - a'o) {b{ao - a',)^,ia',)<i>,,{ao) + e^^^''-^^'^''^''^-^^ c{a^ - «^)<3>^(a^)<I>,(ao)) • (5.21) 



We prove the case v > ^. The case ii > v is. similar. For the case v > ^ = Q, the equality (5.21) follows 
from the following integrand equality, which can be derived by direct calculations. 

d(a'i - ao) = fe(ao - ao)/(a'i - ao)d{a\ - a'^) + c(ao - aQ)eP^"°'°''o"i d{a'^ - ao). (5.22) 



For the case u > /i > 1, the equality ( 5.21 ) follows from the weak equality with respect to the variables 
(aia'i), {a2a'2) ■ ■ ■ (a^a^) : 

Ap(aoao • • • a^+ia^+i) + -B^(aoao • • • a^+iaj,+i) + C^(aoao • • • a^+iaj^+i) 0, (5.23) 

where we set 

1 M^l M 

fc=0 A:=0 fc=0 

^^("oao • • -ap+ia^+i) = -^("0 - «[)) x /(a^+i - a^) | J]^ d(afc+i - a'^,) | /(ai - ao) (5.25) 



and 



C^^ia^a'^ ■ ■ ■ a^+ia^+i) = -c(ao - a[,)e''("°-"o) x | J] /(«,.+! - 4)1 /(ai - ao) (5.26) 



X 



. fc=i ; yk=i 



We are to prove the equation ( ^.23 ) by induction of /i. Inserting the equation (5.23) for /i — 1 to B^, 



we have we have the equation in weakly sense with respect to the variables (aia'j^) • • • {a^a'^) : 

B^iaoa'f) ■ ■ ■ a^+ia^+i) - A^,(aoao • • • a^+ia^_^i) + C^(aoao • • • a^+ia^+i), (5.27) 
where we set 



A^(aoao • • • a^a[,+i) = - _ \ Yi ^("fc+i - "fc) \ dia^ - ai)d(ai - ao) 



b{a[ - ai) 



X 



(i(a/c+i - a/c) \ d{a2 - a'i)d(a'i - ao) < I{ak+i - a'k) \ ^("2 - ai)I{ai - ao), (5.28) 

.A:=2 J lfc=2 J 
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and 



X 



6^,(Q!oao • ■ ■ "^+1"^+!) = , / , ^ N (5-29) 

< J]^ ^(afc+i - a'fc) > - "o) J]^ - a.k) \ d{ai - ^o) < J]^ /(a^+i - a'fe) > - ao)- 

U=l J lfc=l J l/s=l J 



Using the following relation : b{a)H(a) — b{~a), we have 

-4^(aoao ' ' ' ^Jl("oao • • • af,+ia'^+i), (5.30) 

where 



fc=0 J l/c=0 J lfc=0 J 



We have 



+ 



sh (pK ~ a; - f)) sh (p(ao - Oi + ^l)) sh (pK + «i - - «;)) sh )) 
' sh {pia', -a,- f)) sh {pia[ - a„ + ^)) sh (p(ao - a[ - 21)) sh (p(ao - a^, + 2fi)) 

where we have used the relation : 

7(q!i — aQ)b{a'i — ai) — I{a'i — Q!o)&(ao ^ ce'o) (5.33) 

sh {pja'o - a[ - f )) sh (pjao - a, + f)) sh {pjao + - a'^ - a[)) sh {p{^)) 
sh {pia', - ai - f )) sh (p(a; - ao + )) sh (p(ao - a[ - f)) sh (p(ao - a', + ^)) ' 

We have 

+ - -6(ao - "0) sh(p(ai-ai))sh(p(ao-a;,))) ^^'^'^ 

J J lfc=i J 

where we have used the relation : 

£K^^gPK-ai) „ c{(^o - O ^p(c„-a'„) ^ sh (p(^)) sh (p(qo + Qi - - q'i))) ^ 
6(a']^ — ai) b{ao — Uq) sh {p{a[ — ai j) sh {p{ao — a'^))) 

We arrive at 

A^ + B^ + C^,^ + + ~ 0. (5.36) 



Now we have proved the commutation relation (3.1). As the same arguments as the above we can show 



the commutation relations (3.2), (3.4) and (3.10) 
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Next we prove the inversion relations. 
The bosonization of the type I vertex operator is deformed as 



^ ^-j (5.37) 

X : UoiP) ■ ■ ■ Uj{aj) : ]J T (j^K^k - «fe-i) + ^) T (-^*K - "fc-i) + ^) , 

where ao = (3. Here the contour Ck, (fc = 1, • • • , j) is taken (— oo, oo) except that the poles 

au - ak-i = — + (/ e N > 0), (5.38) 

n n 

of r (^2^*(afe — ttfc-i) + are above and the poles 

afe-afc_i = (/eN>0), (5.39) 

n n 

of r (^-^i{ak - ak-i) + ^) are below Cfe. 

The bosonization of the dual type-I vertex operator is deformed as 



^;(^) . e----^^--^^y^^^^^::^...y^^_^::^e----- (5.40) 

X : t/j+i(aj+i)-- •[/„(/?) : ]J T ^^i(afc+i - afc) + ^ j T (^-^i(afe+i - a^) + , 
where = Here the contour C^, (/c = j + 1, • ■ • , n — 1) is taken (— cso, oo) except that the poles 



ak ~ ak+i = — + ^^l, (/eN>0), (5.41) 
n n 



of r (^~2^*(Q!fc+i — Oik) + j^j are above and the poles 

afc-afc+i= (;eN>0), (5.42) 

n n 

°f r (2^1(0^+1 - ttfe) + ^) are below C^. 

Let us prove the relation (3.12). For ji < j2 we have 

<^MWjM = r*(/3i - f32)<^%m<^M)- (5-43) 

As P2 ^ Pi + TTi, r*{f]i — P2) becomes zero. 
Next we prove the case ji — j2- We have 



(j^ 27ri J(j. 27rj Jc*^^ ^tti Jq* ^ 27rj 
X Un{f32)U„-iian-i)---Ui{ai)Uo{Pi) (5.44) 



2^ " / fcish(^(afe-afe_i-^) 
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When we take the limit (32 Pi -\- tti, the contour is pinched but the function r*{f3i — P2) has a zero. 
Therefore the hmit is evaluated by successively taking the residues at ak — ctk-i + ior k = 1, ■ ■ ■ , j, 
and ak — a^+i — — for k — j + I, ■ ■ ■ ,n— 1, successively. The following relation is usefuU. 



71 — 1 

C/„(/3 + ni)Un^i [ p + ni 



(5.45) 



Now we have proved the inversion relation (3.12) 



6 Correlation functions 



In this section we derive a solution of the system of difference equations (1.3) and (1.4), algebraically, 

and obtain an integral representation of it. 

Let us introduce the degree operator D on the Fock space : 



We have 



D bj{-t)\Q) = t bj{-t)\Q), {t > 0). 



Therefore the degree operator D has the homogeneity condition. 

e^^Uj{p)e-^^ = Ujip + iX). 
The vertex operator and the degree operator enjoy the homogeneity property. 



$,(/3)e^^ = $,(/? + iX), e-^^$*(/3)e^^ = $*(/? + iX). 
Now let us consider the trace functions for A > defined by 

ei ■■■C2JV 

tr^ (e-^^$:^ (/3i) • • • j>:^ iPN)^e.^, (Pn+i) ■ ■ ■ (/?2^)) 
where the space H is the Fock space of the free bosons. 



(6.1) 



(6.2) 



(6.3) 



(6.4) 



(6.5) 



By using the homogeneity condition ( |6.4| ) and the commutation relations (3J), ( p. 21 ), ( 3.1C ), it is 



shown that the above trace function satisfies the desired difference equations (1.3), (1.4). The inversion 



relation (3.12) means the restriction equation (1.5). 

Using the free boson realizations, we shall treat the trace of the form : tr^(e~'''^C'). The calculation 
is simplified by the technique of Clavelli and Shapiro Their prescription is as follows. Introduce 
a copy of the bosons a{t) {t £ M) satisfying the relation [a{t),b{t')] = and the same commutation 
relation as the b{t). Let 



bit) 



bit) 



-At 



+ a(-t), bi-t) 



lit) 



+ bi-t), it>0). 



(6.6) 
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For a linear operator O on the Fock space Hb — t)], let O be the operator on Hb ^ Ha, {Ti-a 

J-[a{—t)]) obtaind by substituting b{t) for b{t). We have then 



(0|O|0), (6.7) 



where the left hand side denotes the usual expectation value with respect to the Fock vacuum 
|0) (X) |0), (0|0). In what follows we use the following abbreviation : 



tr^ {e-^^O) 



i^)^ = \ -AD^ ■ (6-8) 



We have the following. 



{b,{t)bk{t'))x = -^^[b,it),bk{t')]. (6.9) 



We have the following formula usefuU to evaluate the function (|6 

^M^) ^'"H^o ^ ^ ^ 7' ^ ^ 

where c{t) and d{t) are bosons satisfying [c{t),d{t')] ~ A{t)6{t + t') and A{t) — —A{—t). In order to 
understand an integral of the right hand side, see the Appendix B. 
The basic trace functions are evaluated as following. 

(C/o(ai);7o(a2))A = {Un{ai)U,,{a2))x = Const.SA(ai - ^2), (6.11) 
(C/o(ai)t/„(a2))A = (t/„(ai)C/o(a2))A = Const.S^ai - 012). (6.12) 



Here we set 



, , 53(-m+ ^)53(ia + ^ + A) 

= J . ^2.",w ■ 0.2;,^ , (6-13) 
S'3(-ia + =^QS:i{ia + + A) 

P*. N 5'3(~m + 7r)5'3(m + A + 7r) 



where 



53(/3) = ^3 /9 



27r,— e,A). (6.15) 
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(t/,(ai)C/,_i(a2))A = (C/j-i(ai)t/,(a2))A 

= Const. (^(ai — x 7 ^ ^, (6.16) 

sh — (ai - a2 h Ai) 

{Uj{ai)Uj{a2))\ — Const. 7/;(ai — 02) x (6.17) 
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Here we set 





TT 










f ia H 






—ia - 








n 






n 


n / 



ip{a) 
ip{a) 



The functions 1^9(0;) and "0(0^) become the integral kernel of the correlation functions. 
The function (p{a) has poles at 

/ 27r 7r\ 

a = ±i { niX + 712 — £ H , ("■!, ^^2 > 0). 

V n n I 





2n \ ( . 27r 




62 la 


A, — £ 62 -la 




\ n 


n J \ n 


n J 



(6.18) 
(6.19) 



The function ^(a) has poles at 



, , , 27r^ 2tt\ 

a = ±i\ni\ + n2 — £ , (ni,n2>0). 

' n n ' 



(6.20) 



(6.21) 



The trace of the vertex operators (6^) is evaluated by applying the Wick's theorem. 
The one-point correlation functions are evaluated as follows. In what follows we set p = j^- 



(6.22) 



X sh ( p(af+i - at - — ) j ]^ 



1 



1 sh p{ak - ckfe-i ) sh p{ak - ak-i 



Xi) 



where a„ = ao = f3[. Here we omit an irrelevant constant factor. 
The N point correlation functions are evaluated as follows. 



Gipi ■ ■ ■ ■ ■ ■ f3[%,. 



... 



2m ' 



,{{a,,r})- (6.23) 



We associate the variables ctj^n < f < N ,Q < j < e^) to the basic operator Uj{aj_r) contained in 

the vertex operators <i>e^(/3^) and the variables a^-.r, < r < N , €r + \ < j < n) to the basic operator 
Uj{aj^r) contained in the vertex operators <&* (/3r). 
We set 



m = {k\ek < J - 1}, Afj = {fc|efc > j}. 



(6.24) 
(6.25) 



The function E{f3i ■ ■ ■ /3Ar|/3Jv ' ' ' /^i) is given by 



N 



l<j<k<N 



l<j<k<N 



The integrand is given by 



({aj>}) = K{{aj^r})g{{aj.r})h{{aj^r}). 



3.27) 
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Here the integral kernel is given by 



n-l N n-1 N 

mc^jA) = n n ^("j-.- - "^.«) n n < 
j=i '■.==1 j=i k,i=i 



n-l 

xR n 



> . (6.28) 



Here we set 



and 



X 



j=l r,.= l 
r>6 



9i{ajA) 



n n ( /^("^J'.^ ~ Q!j_i,s - ^ + Ai) j sh ( p(aj_i,r - aj,s - ^ + Ai) 



n 



j = l reiV* 



n n ( '^("j-^ ~ ~ ~ + '^*) ) ( pi'^j-'^>r - a 



m . 

*J,s 1" '^^j 

n 



(6.29) 



(6.30) 



j = l I r6N* 
AT 



n 



n e''(«-+«-+^) n sh ( p(ae.+i,r - a,^,r 

r=l r=l ^ 

Here we omit an irrelevant constant factor. 



n 



N 



n n ( p^^i'^ - "j-i.'- ~ 

j=l r=l 
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A Mult i- Gamma functions 

Here we summarize the multiple gamma and the multiple sine functions, following Kurokawa 
Let us set the functions Ti{x\uj),T2{x\uji,u!2) and T3{x\uji,u!2t^3) by 

logri(x|.)+7Sn(x|.) = |^-^e--i^iHL, (A.l) 

logr.(.|.„..)-2i..(.|.„..) . X^e-- (,_,i';f|(";i (A.2) 

logr,{x\u;„u;2,u.s) + lBMu;„uj2,u;s) = X (1 - e--*)(/-1--*)(l - ^^'^^ 
where the functions Bjj{x) are the multiple Bernoulli polynomials defined by 

n'- (e-^t-l) = ^ ^^rA^l^i ■■■^r), (A.4) 
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more explicitly 

Bn{x\u;) = - - ^, 

UJ1UJ2 \Ll!i U}2 J 2 b \UJ2 Wi 

Here 7 is Euler's constant, 7 = lini„^oo(l + 5 + +n~ logn). 

Here the contor of integral is given by 



^^^ ^^ n 

Contour C 



1 

ri(a; — a;|w)ri(x|w) ' 
r2(a;i + W2 - a;|wi, 0^2) 
r2(a;|a;i,a;2) 

1 

r3(a;i +U)2+L03- x\uJi,0J2,0J3)^3ix\0Ji,LO2,LO3) 

i)ioga,£(^AO^ S^{x\uj)=2sm{TTx/u), 
v2iT 

S2{x+LJl\iJl,iJ2) _ 1 Ti{x + ij\Lj)_ 

r2(a;|a;i, a;2) ri(a;|a;2)' 52(x|a;i, ^2) 'S'i(x|a;2) ' ri(a;|a;) 

Tsjx + uJi\uJi,uj2,i^3 _ 1 5'3(a: + u;i|u;i,a;2,^3) _ 1 

T3{x\aJi,LV2,(^3) T2{x\oj2,oj3)' S'3 (a;| Wi , W2 , W3) S'2(x|w2, W3) ' 

log52(x|wia;2) = 2sh^sh^ ^°^^~^^2^' ^ ^'''^ ^ ^ 

27r 

52(3:^1^^2) = , X + 0(a;^), (a;^0). 

y/U}l<jJ2 

7TX 7TCC 

S'2(a;|a;ia;2)'S'2(— a;|a;ia;2) = — 4sin — sin — . 
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Let us set 

Si{x\u)) = 

S'2(a;|wi,a;2) = 

S3{x\(Ji,Ul2,0J3) = 

We have 

Ti{x\ijj) = e^~~ 

T2{X + UJ\\UJ\,U}2) 1 



B Normal Ordering 

Here we list the formulas of the form 



X{(3^)Y{^i^) = CxYiPi - P2) : X{P,)X{02) :, (B.l) 

where X,Y = Uj, and Cxy{I3) is a meromorphic function on C. These formulae follow from the 
commutation relation of the free bosons. When we compute the contraction of the basic operators, we 
often encounter an integral 

/•OO 

F{t)dt, (B.2) 







which is divergent at t = 0. Here we adopt the following prescription for regularization : it should be 
understood as the countour integral, 



where the countour C is given by 




Contour C 



The contractions of the basic operators have the following forms. 

Uj{ai)Uj{a2) = hjj{ai - a2) : Uj{ai)Uj{a2) ■ ^Im(a2 - ai) < j = 0,n ) , (B.4) 

I 27r , 



, , -.^^ r2{~ta + f g|f 2^)^2(-^c. + 27r|f 27r) 

hooW = rinnict) = ^ ^ " — ; ^r-r^ — r — : ^ „ , „ -, (B.5) 

^ ' ^ ' TaHa+f If ^,27r)r2 Ha + 27r+^e- ifl^C,27r)' ^ ' 



Uj{ai)Uj{a2) = hjjiai - aa) : Uj{ai)Uj{a2) : (lm{a2 - ai) < ^(^ - 1), l<j<n- l^(p.6) 



Uj{ai)Uj-i{a2) = hjj-i{ai - a2) ■■ Uj-i{ai)Uj{a2) : (lm{a2 - ai) < ^, 1 < j < nj , {B. 

Ti Ha +^(2C-l)|fO 



18 



and 



Uo{ai)Un{a2) = hon{ai- C(2) ■.Uo{ai)Un{a2) ( Im(a2 - ai) < — ) (B.IO) 



1 i- 



n 

^2 Ha + ^ + - f If 27r)r2(-za + tt + |f 27r) 
T2{-ia + w\ f 27r)r2(-ia + tt + f ^| f ^, 27r) 
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